High-precision variational calculations of the operators for the relativistic corrections in the leading mα 4 order are presented. The ro-vibrational states in the range of the total orbital angular momentum L = 0−4 and vibrational quantum number v = 0−10 for the H + 2 and HD + molecular ions are considered. We estimate that about ten significant digits are obtained. This high precision is required for making theoretical predictions for transition frequencies at the level of 10 −12 relative uncertainty.
High-precision variational calculations of the operators for the relativistic corrections in the leading mα 4 order are presented. The ro-vibrational states in the range of the total orbital angular momentum L = 0−4 and vibrational quantum number v = 0−10 for the H + 2 and HD + molecular ions are considered. We estimate that about ten significant digits are obtained. This high precision is required for making theoretical predictions for transition frequencies at the level of 10 −12 relative uncertainty.
In recent years several laser experiments to measure vibrational transitions with high precision in the hydrogen molecular ions HD + have been performed [1] [2] [3] . One of the trends of these and new yet planned experiments [4] is substantial increase of the vibrational number of the final state from v = 1 to v = 8 or 9. That makes necessary new theoretical calculations, which covers states with high v, in order to comply with the requirements of the experiments.
Recently a very promising pure rotational transition experiment has been carried out [5] , which realized conditions of the Lamb-Dicke regime and got for the first time experimental value of the transition frequency with relative precision of 3 · 10 −10 . It is realistic that this precision may be improved in a recent future by about two orders of magnitude. That gives another challenge to theory [6] , since calculation of theoretical frequencies for pure vibrational transitions leads to strong cancelations thus require very high accuracy in calculation of the matrix elements of various contributions, at least those, which are connected with leading order relativistic corrections.
The variational calculations of the nonrelativistic energies during past years have reached a numerical precision of 10 −15 − 10 −30 a.u. [7] [8] [9] [10] . The ultimate accuracy of ∼ 10 −34 a.u. has been obtained for the H + 2 molecular ion ground state [11] . These calculations demonstrate that at least the nonrelativistic ro-vibrational transition frequencies can be determined with the accuracy well below the 1 Hz level.
So far, systematic calculation of the leading order relativistic and radiative corrections were obtained in [12] [13] [14] [15] . In all the cases the vibration quantum number has been restricted to v = 4. It is worth noting that in the last publication, precision of the matrix elements for the Breit-Pauli matrix elements for the ground vibration states, v = 0, are very high and definitely sufficient for pure rotation transition case. But with increase of v numerical precision of the calculations based on the Hylleraas variational expansion drops down very rapidly. So, these challenges requires further numerical efforts to extend and to make more precise data on the leading order relativistic corrections.
The next important step is evaluation of the relativistic and radiative corrections to the binding energies of the ro-vibrational levels. This can be systematically performed using series expansion of the binding energy in terms of the coupling constant, in our case, the fine structure constant, α. The key quantity for the leading order R ∞ α 3 radiative correction, the Bethe logarithm, for HD + and H + 2 have been obtain in our previous work [16] . This work is aimed to extend calculations of the leading order relativistic corrections to the larger range of vibrational states and to improve precision of the mean values of the operators for the high v states.
The following notation is used throughout this paper. P 1 , P 2 , and p e are the momenta and R 1 , R 2 , r e are the coordinates of nuclei and electron with respect to the center of mass of a molecule, and
Here we assume that indices 1 and 2 stand for the protons in case of H + 2 , and R 1 ≡ R d -the coordinate of a deuteron in case of HD + . The atomic units (h = e = m e = 1) are employed. We use the CODATA14 recommended values of the fundamental constants [17] for all our calculations.
I. VARIATIONAL WAVE FUNCTION
The variational bound state wave functions were calculated by solving the three-body Schrödinger equation with Coulomb interaction:
using the variational approach based on the exponential expansion with randomly chosen exponents. This approach has been discussed and developed in a variety of works [18] [19] [20] . Details and particular strategy of choice of the variational nonlinear parameters and basis structure that have been adopted in the present work can be found in [21] . Briefly, the wave function for a state with a total orbital angular momentum L and of a total spatial parity π = (−1)
L is expanded as follows:
where the complex exponents, α, β, γ, are generated in a pseudorandom way. When exponents α n , β n , and γ n are real, the method reveals slow convergence for molecular type Coulomb systems. Thus the use of complex exponents allows to reproduce the oscillatory behaviour of the vibrational part of the wave function and to improve convergence [20, 21] .
II. LEADING ORDER RELATIVISTIC CORRECTIONS
The leading order relativistic corrections (R ∞ α
2 ) at present are well understood and are described by the BreitPauli Hamiltonian. Consideration of this part can be found in many textbooks, see, for example, Refs. [22, 23] , or a comprehensive review [24] . Here we present in explicit form expressions for different terms, which contribute to this order.
The major contribution comes from the relativistic correction for the bound electron,
The other corrections are due to a finite mass of nuclei and are called the recoil corrections of orders
The first is the transverse photon exchange, The contribution of the last term in (4) is not negligible and amounts to about 10% of E (2) tr-ph . The next is the relativistic kinetic energy (E kin = m 2 +p 2 ≈ m+p 2 /2m+. . . ) correction for heavy particles,
Further in the R ∞ α 2 order, one has to consider the nuclear spin dependent recoil corrections. For the proton, spin 1/2 particle, one has
In case of deuteron (spin one) this term vanishes. The leading order electric charge finite size correction is defined (both for proton and deuteron) by
where R is the root-mean-square radius of the nuclear electric charge distribution. The RMS radius for the proton is: R p = 0.8750(68) fm, and for the deuteron: R d = 2.1394(28) fm. These contributions are connected with internal structure of complex particles. For a detailed discussion of this rather nontrivial problem we refer the reader to [25, 26] .
The complete contribution to this order thus is:
Darwin + E
nuc .
III. LEADING ORDER RADIATIVE CORRECTIONS
The radiative corrections of an order R ∞ α 3 for a one electron molecular system can be expressed by the following set of equations (see Refs. [27] [28] [29] ). Only the spin-independent part is considered.
The one-loop self-energy correction (R ∞ α 3 ):
where
is the Bethe logarithm. The latter quantity presents the most difficult numerical problem in computation of QED corrections for the three-body bound states. In [30] the calculations for the ro-vibrational states in H + 2 and HD + have been performed with sufficient precision. An operator J in (10) is the nonrelativistic electric current density operator of the system: J = a z a p a /m a .
The anomalous magnetic moment (R ∞ α 3 ):
Sometimes this term is incorporated into Eq. (3) as a contribution from the form factors of an electron [31] . The one-loop vacuum polarization (R ∞ α 3 ):
The one transverse photon exchange (R ∞ α 3 (m/M )): where Q(r) is the Q-term introduced by Araki and Sucher [32] :
It is worthy to note here that the splitting onto nonrecoil and recoil parts (Eqs. (9) and (13)) is not exact, since the Bethe logarithm contains contributions both from the self-energy and exchange photon diagrams. Summarizing the contributions one gets:
se + E
anom + E
vp + E
tr-ph .
IV. RESULTS
As it appears the mean value of the p 4 e operator is the most difficult quantity for numerical calculation. That is why we choose it for studying convergence of our results. Table I demonstrate convergence of this key quantity for the two vibrational states v = 4 and v = 10. The first case is needed to compare our numbers with previously obtained results by [14, 15] , in the latter case v = 4 was the largest vibrational state considered. While in general there is a very good agreement between our data and the data from [14] , in case of the Hylleraas variational calculations it was observed that precision is going down rather rapidly with increase of the vibrational quantum number v. And already in case of the (L = 3, v = 4) state we see some discrepancy, and we presume that it is primarily due to the difficulty in determining of the real uncertainty in the calculations. For the case of the vibrational state v = 10 we were not able to get converged the last digit (tenth digit after the point). Still we may claim that for states of v = 9 and v = 10 at least nine digits after the point are significant and this precision is enough for theoretical predictions of vibrational transition energies at the level of 10 −12 of relative uncertainty. As for other data in Tables II and III all the digits presented should be fixed.
Our main results of numerical calculations are presented in Tables II and III . The notation is as follows:
R ne = − p e P n r n + r n (r n p e )P n r 3 n ,
Q ne is the Q-term expectation value as it is defined in Eq. (14) , n stands for one of the nuclei: p or d. From these data one can easily get ro-vibrational transition intervals with account of the relativistic and radiative corrections of orders R ∞ α 2 , R ∞ α 2 (m/M ), R ∞ α 3 , and R ∞ α 3 (m/M ). In summary, we have presented the extended systematic calculation of the leading order relativistic corrections for the ro-vibrational states of the hydrogen molecular ions H + 2 and HD + . It allows to comply with the present day requirements of the hydrogen molecular ion precision spectroscopy providing relative uncertainty due to numerical imperfection to the ro-vibrational transition frequencies below 10 −12 .
